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ON THE PERTURBATIONS OF SMALL 
EC C EN TRIC IT Y SATE L LIT ES 

Theodore L. Felsentrcger 
and 

Ellen T,. Steinkrg 

SUMMARY 

For small wcentricit j  satcllitcs, so-called "l'irst-order" or l i t  
theories actually contain errors of the lirst order by neglecting J 22, 
etc. t e rms  having eccentricity as a divisor. These ternis appcar in 
the expressions representing the pcrturhatioiis in ecc:cntricity, nican 
anomaly, and argumctnt of pcrigce. Using the von Zcipcl inc.thod, 
terms of this sort through J 2" and (J 'J L )  3, J, being any odd zonal 
harmonic coef€icient, arc presented herc. Amplitudes oi the te rms  
for the satellites Alouettel and Tiros 8 are given. In adclition, i l  is 
shown that these ltsiiiall divisor1' terms produce no in-tr:~csl<, along- 
track, or  cross-track wru1-s.  
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ECCENTRICITY SATELLITES 

bY 

Theodore L. Felsentreger 
and 

Ellen L. Stcinberg 

INTRODUCTION 

For most artificial earth satellites, orbit theories expressing in analytic 
form the perturbations in orbital elements cnuscd by the non--sphericity of' tho 
earth do not suffer appreciably in accuracy i f  terms involving only t h e  first 
power of J, are considered. However, for satellites whose cc-cent ricitics are 
approximately the same magnitude as J, (..- 
disregarding terms of the same order as the purported "accuracy" of the 
theories. The reason for this is t h e  appearance of eccentricity ;is a divisor in 
some of the "higher-order" te rms  (Le., Ji , J,3, J: /Ji, ctc.), both short  and 
long period, representing the perturbations in eccentricity, mean momalv, :mcl 
argument of perigee. A s  ;L result, inany authors have proposed the adoption o f  
different sets  of variables to be used  in solving the perturbation cquations. 
However, i f  the eccentricity i s  n o t  too s m d l ,  these terms can be used with a 
reasonable amount of confidence. 

such t 1ieorit.s tire, in effect, 

In this paper will he presented those terms involving up to .J3 :ind ( J ,  /J2)  

(where J ,  is an odd zonal harmonic), and having eccentricity as a divisor, in 
iiie periurbzitltfo;: ex?ressions for cwwntricity, mean anomaly, and ar~;umciit of 
perigee. In addition, it will be dixwn that these sn id l  divisors (lo not cause in-  
track, cross-track, or along-track errors. The von Zeipel mcthod ivill be used, 
so basically this will be an abbreviated extension of the work done by Rrouwer 
(Reference 1) and Kozai (Reference 2). Amplitudes of thc short-lwriod t e rms  
will be shown for the  satellites Alouette 1 and Tiros 8. Also, the results 0 1  
Reference 3 will he repeated, with a slight modification in thc cxprcssion for 
the eccentricity. A list of symbols appears at the end of the report. 
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SHORT PERIOD PERTURBATIONS I N  8,  g 

'The necessary par t s  of t h e  dcttwnining iunctions Y, and S ,  (see Rcfcrence 
2 )  w e  

L 



Since 

a transformation to primed v ai.i:hlcs l).v n ~ e a i ~ s  ot' a 'J'aylor Series c x j x t n s i o n  
gives (inclusive of Ji t e r m s )  

where f and g are to be replnccd by f ' and g' in Equations ( 3 ) .  1 -sing t h c h  

r e 1at i ons 



s i n  f '  2 f '  - 1 G' L' 2 

- 3 G' ... - e' --(;+(;I) L'2 

a '  - L'* 

r '  G ' 2  
- --- ( 1  t e ' c o s  f ' )  

and retaining only terms containing thc  l a r g t w  ]lowers of e' in the denomin:itoi-s, 
Equations ( 3 )  become 

I ) .  t '  j 9 ' .  

where 



t 81 sin2 i ' (19 - 8 6 ~ 0 s  i ' t 1 1Sc-os4 i ' ) sin ( f ' - 2 g' ) +486s in4  i ' ( 1 - 3 ~ 0 ~ 2  1 ' ) s i i i  ( f ' 1 4 g ' 

- s in2  i '  (1081 - 4 6 1 0 ~ 0 s ~  1'  S977cos4 i ) s i n  ( 3  f ' 3 2 g'  ) -306 sill4 i ' ( 1  - 3 ~ 0 s ~  i ' )sin ( 3  f ' 4 ~ '  ; 

(5) 

It will be nottxl that  no d i v i s o r s  01 e' a p p c a ~  i n  t' I g; i l  will  also bc noted 
that a long period ( s i n  2 g '  ) t m m  has appeared i n  A Y andA g .  

SHORT PERIOD' PERTURBATIONS I N  t s  

Writing 

L ~ L d  -t AL 

a Taylor Series expansion tor t' gives (inclusive 01 Ji terms) 



where 



A transformation from unyrirnt?d to primed variables expands the  relations 

w h e r e ,  again, f and g, a r e  to I)c r.el~l:iced I)y t" a i d  g '  . 

Making iisc of relations (4) ,  Equal ions (!)) I)econic 

L L' 1 A L .  
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t 3s in2  i ' I6e '  cos 2g '  i e ' (  12 t 43e 2 ) c ~ s  (f ' + 2 g' ) 4 ~ ' 3 ~ 0 s  ( f  ' - 2  g' ) 

+ 4 ( 2 + 9 e ' ) C O S  2 ( f ' 7 g ' ) + e ' ( 12 + 43 C' ' ) COS ( 3  f ' 2 g ' ) + 6 e' COS ( 4  f ' 4- 2 g ' ) 



where 

J, sin2 i ' 

8 a 'vv AG 7 (2 t 3 e '  I )  L 3e'cos ( f ' t 2 g' ) i 3cws 2 ( f '-I g ' ) e 'cos ( 3  f ' + 2 g' ) ] 

4 9 ( I9  -€%cos2 i ' + 1 1 5 ~ 0 s ~  i ' ) c o s  ( f '.- 2 g' ) .- 108 sin2 i '( 1 - 3 ~ 0 s ~  i ' )cos ( f ' ~4 g' ) 

t (1081 - 4 6 1 0 ~ 0 s ~  i t 5 9 7 7 ~ 0 s ~  t ' )cos ( 3  f ' t2g '  ) +612sin2 i '( 1 - 3 ~ 0 s '  i ' )cos ( 3  f 4s' ) 

t 27 sin4 1 'cos ( 3  f ' t 6 g '  ) - 21 (19 - 1 3 6 ~ ~ ~ ~  I ' , llScos4 i ' )cos ( 5  f ' + 2 g '  ) 

t 588 sin' i ' ( 1 -" 3cos i ' ) cos ( 7 f ' r4 g'  ) + 441 s in4  i 'cos (7 f "6 g' j - 343 s in4 i 'cos (9  f ' 16 g ' j . ( i 18 



Equation (7) then beconies 

J; 
4 _-- 1.2 (47 - 166 cos * i ' t 191 cos4 i ' ) + 36 s i l l 2  i '( 1 - 3 ~ 0 s  2 i ' )cos 2 g f  

-_ 

where  

I O  



IIowever, Equation (1 1) indicates that an additional constant and long I)eriod 
term appears i n  the expression for t b .  Iksignnt i n g  

i t  i s  desirnI)lcl to trnnsl'orni to tloiible primed variables by 

w h e r e  

- As; e " ,  a"  Q ('os g' 
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Since 

Equation (14) becomes 

.T 2' 3 ,  c - I 47 - 166 cos i " I 191 cos i " + 18 s in i "( 1 - 3 cos i " ) cos 2 g " 1 
128 e ' I  :i ' I  

Thus, a more complete long period exin-cssion €or e is the following: 

L I 

1 " , cos 2 g" 1 
In Reference 3 ,  values of eccentricity and a r p m e n t  of perigee (after cor- 

recting for lunar  and solar effects) for Alouettc 1 and Tiros  8 were fit, by 
means of least squares, to trigonometric ser ies  with g" as the basic argument. 
The results were the following: 

12 



Alouette 1 

e' = .0025164 t .0011119 s in  g" t .OW13369 cos 2g" - .0000097%9 s i n  3 g "  

g' = 0.30972 t 0.45602 cos g" - 0.080879 s in  2g" - 0.0032704 cos 3g"(radians) (17) 

Tiros 8 

e '  = .0034395 t .0015519 s in  g" t .000138% cos 2g" - .0000164(K, sin 3g" 

g' = 2.19311 t 0.46092 cos g" - 0.061533 s in  2g"  - O.Oo93447 cos Sg"(radians) (18) 

Comparison of the sin g" andcos g" te rms  in Equation (17) and (18) with those 
in Equations (12) and (16) yields the following: 

Alouette 1 

Q Q3 - t - = 0.45602+ Q = 0.43539el 
4e: 

( 28 - 101 cos i " t 218 cos i '' ) Q = 0.001 11 19 , Q = 0.43539 e ,+ e I = O.Oo27131, Q = 0.001 181. Q3 - Ji: Q-- 
8e: 64e:a"4 

Tiros 8 

3 - Q t -!- = 0.46092=> Q = 0.43%7e, 
4e; 

(28 - 101~0s * i + 218 cos4 i " ) Q> 0. o(3 Q3 - Ji: Q--- 
8": 64e:aN4 

55 9, Q-0: 3967 e e = 0.003672 

In Reference 3 ,  Kozai's (Reference 4) values for the zonal harmonic coefficients 
through J were used to compute the following theoretical" values for Q : 

Q = 0.0016146 

Alouette 1: Q = 0.0011183 

Tiros  8: Q = 0.0015869 

These compare favorably with the experimental values. 
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The values of e l  and Q can then be substituted into Equations (12) and (16) to 
obtain predicted amplitudes for the 2 g” and 3 g“ terms: 

Alouette 1 --- 

9 J: sin2 i ”( 1 - ~ C O S ~  i ‘ I )  

6 4 ~ ~ a “ ~  
cos2g :- -- 0.00015864 (observed: O.OOO13369) Q2 t 

4 e  

Q3 275: s i n 2 i “ ( l  - 3 c o s 2 i ” )  

8c:  1 2 8 ~ ; a ” ~  
s i n 3 g ” :  - - - Q - 0.000047623 (obscrvctl: - 0.0000097969 ) 

9Jji‘s in2i”( l  -3c-os2i  ) 
s i n 2 g ” :  -42 - -- -0.  116941 (otxxrvvtl:  -0.080879) 

2 e ;  32 e ;  El 4 

9J ; s in2  1 ‘ ( 1  .3c.oa2 i ” )  
c o s 3 g ” :  - CIJ - - - Q -0.046807 (obscArvccl: -0.0032704) 

3 e;  16 c‘ ; I ‘  
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AMPLITUDES OF SHORT PERIOD TERMS 

Using mean values for the orbital elenients of tlic s m a l l  eccentricity satel- 
lites Alouette 1 arid Tiros 8, and using the value 1.0826 , 
short  period t e rms  in Zfquations (5) and (11 ) have the following amplitudes: 

for J , ,  the 

Alouette 1 

A i' (J, part  ) 0.22049 s I 1 1  f ' t 0.11683 s I I I  ( f ' t 2g' ) - 0.27261 sin (31' ' t 2g' ) (rac1i;ins ) 

A t' ( J  par t  ) - 0.056150 s I 1 1  2f ' - 0.0068244 s 1 1 1  (2f ' I 4g ' ) - 0.060101 s 111 (4f ' + 2g ' ) 

t 0.037155si1~(6f'i4g')(radini~) 

(1 1 (J: part ) - 0.0079433 s i i i  1' ' t 0,019818 s 1 1 1  3f - 0.0054459s in  ( f ' i 2g' ) 

0.010574~111 ( f  ' -  2 g b  ) -0 003.3854sin (1" + 4g' ) t 0  OO74849sl11 ( 3 t '  t 2g'  ) 

10' '.cb ( J  par t  ) - 5.S481 ('os 1' " 2 9 .309~~0~  ( f ' . 2g ' ) t 6 8597 ('os ( 31' ' t 2gt ) 2 

Tiros 8 ~- 

A ! ( J ,  par t  ) 0.034424s iii f ' + 0.O69146 si11 ( f ' t 2 g q  ) -0.16134sin (3f ' t 2g' ) (radi:ais  ) 

( J  par t  ) = 0.01 1748 s i 11 2f ' - 0.0023905 s i I i ( 2f ' t 49 ' ) - 0.0055539 sin (41' ' + 2~ ' ) 

t 0.01 301 5 s i n  ( 6  f ' i 4g ' ) r x l  ixis 
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A f (Ji pa r t  ) - 0.000.363625 s i r r  f ' + 0 0008793.3 sin 3f '- 0.00053558s 111 ( f ' +  2g') 

-0 00095983sii1( f ' - - 2 ~ '  ) -0. 0C)Ol8515siii ( f ' I 4~') .O.O0077573siii (3f' + 2g' ) 

4 0.0001 1658 s 1 1 1  (3f ' t 4g' ) ! O.OOO12.397 si11 ( 3 f '  t- 6gt ) - 0.0022396 sin (5f ' t 2g' ) 

IN-TR ACII , ClIOSS-T R ACK , A 1 ,ON G-'T' It A CK ETW 01 1 S 

In-track: i\, I' 

Since no tcriiis witl i  cccentricity as ;1 divisor. iijq)ear i n  A i  and ,"\ti , and since 
all such terms c:incel out in t h e  suin t i ( \  g ,  it is al)l)arcnt that these suiidl 
divisors cause i i o  along-track or cross-1 rack errors. Ilowcver, it is not SO 

obvious t1i;It I I O  in-trncl, errors wsi i l t ,  :ilso. 



The radial distance r of the satellite from the center of the earth can be 
expressed as a function of t , L , and C. In order to express r as a function of 
primed variables, the following expansion is required: 

3G' e '  

1 1 
- -  - t ( ' . -  - - l 1  \ ('OS f ' . -  ('OS 2 f ' - - cos 3 f 
(12 r 

(19)  

(20) 
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and Ad, A L ,  and AG appear in Equations (5) and (10). All terms with ( x '  as a 
divisor cancel; the only remaining terms of order J, a re  the following: 

Thus, evcn though soinc o f  the orbital eleinents of a small eccentricity 
satellite appear to be affected by sinal1 eccentricity divisors appearing in per- 
turb at ion expressions , no such 'lsinpilar it ies" appear i n the coordiniites. 
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A pgend ix 

SYMIWLS 

;I = semi-major axis of satellite's orbit 

P : ec.c*entric.ity of sale1litc~'s orbit 

i -- inclination o f  sitk3llite's or1)it:il plane to earth 's  eclua- 
torid 1)l:unc 

? - incan anonialy of  satellite 

g - :Lrgu:Ument 01  lwrigee of' satellite 

i t  

r -- ritdi:il distancc froni the center of the ear th  to the 
S:I tcl 1 ite 

L ' ,  L' , t ', I' , r h t c . .  variables used i n  von Zeipcl mcthoct 

i," =- ~, - 1 L" 2 

1 !) 



i t  = cos-1 ($) 

el = eccentricity constant 

J, , J3, etc. = zonal harmonic coefficients in earth's gravitational potential 

S, , S, = short period determining functions 

AS; = long period determining function 
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